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Abstract

We discuss a framework for time-homogeneous equity stock price mod-
els with a consistent dividend process such that at any point, conditional
on the state variables of the model, short-term implied dividends are
“cash-like” (constant) and long-term dividends are “proportional”.

First, we show that in general any stock price process S with drift u

which pays dividends (A;); on ¢ < --- can be written as follows: let
R: = exp(fguS ds) and S5 = So —>_; Rt_j1 E[A], then S can be written
as

St

* 1
- =S50 X: + Z ?Et[Aj]

Ry gitg>t
where X is a non-negative (local) martingale.
With this in mind we propose a model where X is a local-volatility pro-

cess dX: = Xto+(X¢) dWt, and where each dividend is modelled as A; :=
E[A;]Y:,; for a mean-reverting process Y~ of the type

dY, = k(aX; + & — Yy) dt + 54(Y;)dB; |

with W correlated to B.

This model has the desired “consistent” dynamics of short-term cash
and long-term proportional dividend behaviour, while allowing efficient
calculation of spot, forward and dividend swaps as a function of (X, Y;)
inside a Monte Carlo simulation or Finite Difference scheme.

This note formalizes results presented in 2012 at Global Derivatives [4].
The present note lacks some illustrations but is otherwise complete.
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1 Introduction

In this article, we present a modelling approach for stochastic dividends. The
key characteristic we want to capture with our model is the simple economic
fact that the level of implied short-term dividends as a function of company
earnings are much more certain than implied long-term dividends: it is much
easier to predict the dividend income from a typical equity index basket for
next year then, say, for the period between 10Y and 11Y from now. (Note
that the market’s “expectation” is usually known for most indices since future
dividends can be traded using futures or swaps.) Typically, implied long-term
dividend payments are thought to behave proportionally to the overall level
of the equity market, while short-term implied dividends are thought to be
practically known and therefore nearly constant, or “cash-like”. In other words,
short-term dividends are much less volatile than long-term dividends.

The aim of this note is to discuss dividend analytics. We do not discuss
calibration of our model in detail. We merely note that standard methods such
as particle calibration or forward-PDE methods might be used for the proposed
two-factor case.

Consistent Cash Dividends

The simplest approach to handle such a scenario is to take today’s implied
dividend curve and to blend it from “cash” to “proportional” dividends over
time with a time-dependent blending function. For example, assume we are
in January 2014. We may choose to model dividends up to 2017 as cash, and
then to blend them into proportional dividends, with full proportional divi-
dends starting after 2019. In such a setup, an option on the dividends paid
between 2Y (2016) and 3Y (2017) would have no time value. The mathematical
framework for this approach is described in detail in Buehler [3].



While this method yields practical results and is easy to implement across
a wide range of underlying dynamics, it suffers on a methodological level from
its time-dependent nature. Basically, what happens is that the dividends are
always proportional after 2017. That means that if we priced a forward-starting
option on realized dividends, struck in 2017 for the dividends paid between
then-2Y (2019) and then-3Y (2020), then this option would have quite a bit of
time-value since the dividends “in the model” are assumed to be stochastic and
therefore move as an average over the stock price over the respective period.
We call this “inconsistent” behaviour: in the absence of additional information,
why would a forward started option for the dividends between 2Y and 3Y priced
tomorrow be much different than the same option priced in a few year’s time.

“Consistent” models, on the other hand, are models where the principal
dynamic properties of the underlying market diffusion are time-independent
or, practically speaking, where the dynamics of the model conditional on a
future state of the model are similar to the model today: in our case, short-
term dividends are cash-like and have very low implied volatility, while long-
term dividends remain volatile.! The difference in the prices of forward started
options are about levels of implied volatility, not about no volatility vs. a lot of
volatility.

General Representation of Dividend Paying Stocks

Our modelling approach is based on the observation that every dividend pay-
ing stock can be written under the risk-neutral measure as a sum of a non-
negative (local) martingale X, representing the “inner value” of the stock, plus
the discounted expected value of all future dividends: assuming random divi-
dends (A;); are paid at ¢; < ---, we will show that we can write the appropri-
ately discounted stock price S in terms of a local martingale as X as

St = SgXt + Z Et[A]] Wlth Sg - SO + ZEO[AJ} y

Jitj>t i

where Aj denotes the value of the jth dividend “discounted” with the funding
rate of the equity. Note that for such a model, in order to compute spot, we
need to have an efficient way of computing E;[A;].

We therefore propose to model directly X (as a local volatility process)
and the random dividends (as functions of a process Y which mean-reverts
around X). The specification is such that spot, forwards and the value of divi-

dend swaps, conditional on a future point (X¢,Y:) can be computed efficiently.

Long Story Short

To cut things short, we are looking for a model where, conditional on a future
state of the world, short-term dividends are cash-like (ie, have little volatility)

IWe use the notion of “consistency” here in the same sense as used by Filipovic in for
rates term structure models [6] and by Buehler in the context of variance swap term structure
models [2].



while long-term dividends are proportional (ie, highly correlated to the stock
price).

To our knowledge, no such model has been presented to the public so far.
The results of this paper have been presented on Global Derivatives 2012 [4].

2 Model Setup

Let S be a stock which pays random non-negative dividends A = (A;); with j =
1,... at dividend dates 0 < t; < to < ---. We denote by §; := E[A;] the
initial expected values under the risk-neutral measure P. We further assume
for simplicity that rates and the equity funding spread are deterministic. We
denote by u the overall funding rate of the equity and set R; := exp( fot s ds) to
define the “discounted” quantities S; := S;/Ry, A; := Aj/R;, and 5, :=E[A)].

Finally, we also denote by Sg := Sy — Zj Aj the “inner spot” of S, which
represents the part of the equity value Sy which is not due to the present value
of future expected dividends. In order to avoid negative forwards, S5 must not
be negative.

THEOREM 2.1 (Generalized Representation of Dividend Paying Stocks) For any
non-negative stock price process S which pays A, there exists a non-negative (lo-
cal)? martingale X such that

Se=5;X:+ Y EifA]. (Eq:X)

Gty >t

Reversely, for any non-negative (local) martingale X, the stock price S defined
by (Eq:X) is non-negative and pays dividends A.

The discounted forward of S is given by taking expectations® as
F=Si+ > A;. (1)

gitj>t

As in [3] for the affine dividend case, we want to stress that the form (Eq:X) is
not a modelling assumption, but a consequence of S paying dividends A and
staying positive; any other non-equivalent representation will require imposing
additional constraints on the local martingale part to ensure non-negativity of
the stock price process. As an example, consider the following:

COROLLARY 2.1 Let
Zi= X + — ZEt [Aj] . (Def:Z)

2The restriction to a “local” martingale is relevant for the existence of “no free lunch with
vanishing risk”, a form of no-arbitrage which guarantees the existence of, indeed, just a local
martingale for any tradable asset; see [5] and the discussion in section 5.

3Strictly speaking, this is only true up to any horizon for which X has true martingale
property.



Then, Z is a non-negative (local) martingale and we have

=SeZi— > A (Eq:Z)

Jit; <t
The SDE for S can then be written as
dSt = ,uSt dt + SgRt dZt — At dt .

While it is tempting from a modelling perspective to specify Z rather than X
n (Eq:Z), this is more complicated as non-negativity of Z does not simply
imply non-negativity of .S; indeed, for any Z we specify, the associated process X
via (Def:Z) must remain non-negative. We therefore propose to model a dividend
paying stock using (Eq:X), rather than (Eq:Z).

As noted in [3], the main drawback of this (correct) approach is that the
dynamics of St depend on the dynamics of dividends past T'. Practically, that
means that an option with maturity 7" has sensitivity to implied dividends past
its maturity.

Both the theorem and its corollary are proved in a general setting in section 5.

Standard assumptions on the dividends A7 are:
e Cash Dividends: simply A; = §;.

¢ Proportional Dividends, i.e. A; ~ X;,.
This is the classic setting in the (extended) Black&Scholes model [1]: as-
sume one is given a forward curve (F;); and define S; := F; X for a martin-
gale X. Then, A; = S;,_d;. Typically, this is written in terms of propor-
tional discrete dividend rates n; as §; = 1—e~" such that Sy, = S;, _e™".

Both cases are covered in depth in [3], including the case with credit risk.

2.1 Cash Yield Framework

As a first step in this article, we reformulate for convenience of notation the
above discrete dividend setting to the more general case of a cash yield frame-
work, where A = (Ay);>0 is a non-negative process and the stock price is given
consistently with (Eq:X) as

Stzsgxt+/ E[A,]ds with S§ := SO—/ dsds (2)
¢ 0
where §; := E[A¢] as before. We assume that S§ is non-negative, which im-

plies that the expectation for all dividends is bounded. The forward in this

formulation is given as
:s;;+/ bsds . (3)
t

We recover (Eq:X) by setting Ay, := A;8,(dt) and A; := 0 for all t & {t;};.
(Here, &¢,(-) denotes the Dirac measure in t], Le. [84(s)ds=t.)



3 Consistent Cash Dividends

The main idea we want to present in this paper is an improvement over the affine
dividend approach to modeling dividends discussed in [3]. We present a model
where at any point in time short term implied dividends have low volatility (are
“cash”-like), while long-term dividends have higher volatility and are strongly
correlated to the equity.

Our approach is to define the random dividends A; as a function of a sec-
ondary driving process (¥;): which implements the desired behaviour and which,
conditional on (X¢,Y;), still lets us efficiently compute beyond spot also implied
dividends and forward forwards,

E:[As] and E.[Ss] (t<s),

respectively.
Consistency of the dividend curve translates mathematically in the require-
ment of similarity in distribution, i.e.

E [f(At+T) | (Xtvyt) = (x,y)] =E [f(AquT) ’ (Xuvyu) = ($7y)]

for any measurable function f with compact support. The “=” becomes an
equality if the model itself has homogeneous (constant, time-independent) pa-
rameters.

3.1 Model Specification
In the light of (2), let X be the solution to

ax,

X, =0(Xy)dW; (Xo=1) (4)

with a suitably regular local volatility o. The latter will be calibrated to the
market prices of equity options. We define the dividend-driving process Y as a
mean-reverting process of the form

with @ € [0,1], & = 1 — a and where ¥ guarantees that ¥ > 0, for exam-
ple X(y) = Xy. We specifically allow the “martingale case” x = 0. Adding
jumps is discussed in section 3.3.

The main characteristic of Y is that it mean-reverts around the martingale

Xt =aX,+a.

For a = 1 it mean-reverts around the pure equity driver X. For a small ¥
that means that Y becomes a exponential running average of the spot price.
For a = 0, on the other hand, the two processes X and Y are only related
through their correlation. We comment on several specific configurations below.



For u > t the process Y satisfies

u

Y, :e*“<“*t>n+m/ e~ r(u=s) xa ds+/ e "D (Y,)dB,  (6)

t t

and therefore
E,[Y,] = e "0y, 1 (1 - e*“"*”) Xe (7)

In particular, we have E[Y;] = 1, which allows us to define the actual dividend
payment A; simply as the product of Y; and today’s expected dividend §; as

At = &Y} . (8)
For 0 <t < s this gives us
E/[A] = 5, (X7 + (Y — Xp)e 0] ©)
and therefore
S = S5, + / AL (X (- X)) s (10)

or, in discrete form,
Si=5;X+ > A (Xf‘ (Y — Xg)e—mj—t))
Jit; >t

T

(we will continue using the operator to translate the integral into the dis-
crete from). All quantities are straight forward to compute given (X, Y}), as
we will show below.

Model Choices

The model covers a range of cases:

e Yield Dividends: with very strong mean reversion x 1 oo, ¥ = 0 we
get Y — X.

e Cash Dividends: are the case were X = 0 and o = 0, in which case we
simply have Y = 1, and the model becomes a fixed cash dividend model.

e Running Average: in case X =0, k < 1 (say) and «a = 1, the process Y’
is basically the rolling exponential average of X,

t
Y, =Y, +/e*"thds
0

This in itself is an attractive model since it allows for a good interpretation
of the dividend policy as a function of average past stock performance.



¢ Running Average with Noise: adding an additional uncorrelated noise ¥ >

0, p = 0 introduces additional uncertainty around the actual dividends.
Schematically, it gives us

t
Y}:Yg—i—/emesds—&—st
0

This is the author’s favorite use of the model.

e Martingale Case: by setting xk = 0 and X = o, the dividend-driving
process Y becomes itself a martingale. If correlated highly with X, this
can be interpreted as a reasonable model for an equity. In this case,
there are fast approximations for the price of options on dividends (option
pricing on averages).

e Affine Dividends: setting @ = 0 turns Y into a standard mean-reverting
process which drives the dividends. For the specific case X(y)y = /Yy
we obtain the CIR square-root process. This means in particular that we
have a closed form Fourier-solution for pricing options on dividends.

3.2 Efficient Representation

Let us now transform the basic equation (10) for \S; into a concise representation
in terms of numerically readily available quantities. Let

¢
Df = /e_’“gs ds = Z e g, (Def:D)

0 Git; <t

= [o o s . . . i
and define Cf* := e"* [e™"*0, ds, which we can write in terms of D as

@%uw(bg_bﬂ. (Det:C)

A term structure of C' can be computed easily up front before any numerical
simulation takes place.
Using C' allows us writing (10) as the very concise

S, =S X, + (CY— CHX2 +Cry; . (Eq:S)

Note that taking expectations implies that the (discounted) forward has for all ¢
the form

F, =85 +C7. (Eq:F)

Specifically, Sy = S5 + 6’8 In the specific case a = 1 equation (Eq:S) simplifies
to

S =1 (S5~ CH)Xy + CrY,



It follows from (3) that ) .
dFy = —b,dt (11)

which with (Def:C) gives
Cr = fe’“”t/ e "SdF, .
t

This representation is useful if our pricing environment provides directly a for-
ward curve, rather than explicitly a list of dividends.

Dividend Swaps

The time-t expectation of future dividends over [T, T + ] with T' > ¢ is formally
given as

T+x
Dt(T,x)::/ EYods= S E6, . (12)
T JT<t;<T+z

This is essentially the time-t value of a divdend swap paying dividends between T'
and T + x. Specifically, dividends here are not discounted.
Using (9) and (11) we get

T+x
D(T,z) = / (=0, — Xp) + X7') 6, ds
T

T+zx T+zx
= (Y, — Xf‘)e’“/ e ", ds + X / dsds .
T T

Define therefore

t
Dy = /e"“és ds = Z e "oy, . (Def:D)
0

it <t

This means the value of the dividend swap is given as

Dy(T.x) = (Y; — X{)e™ (Df, — D§) + X{ (Dyry — D3)| (Eq:DS)

Again, D can be computed easily up front before any numerical simulation takes
place.

3.3 Jumps

A rather natural extension is to add jumps to the equity process. We have
two ways to introduce jumps: first, as part of X. A jump will then indirectly
affect Y via the latter’s mean-reversion to the former. Secondly, we can also
add jumps to Y itself.



As an example which covers both cases, assume that N and M are Poisson-
processes with intensities A and w, respectively. Let (&;);, (1;); and (¢;); be iid
sequences of normal variables. Define first the stock price driver as

t 1 Ny
log X, = /at(Xt_)th ~ SoR(X ) di+ Y& — Bl — UAds
0

=1

Assuming a reasonably behaved local volatility o, the process X is again a
martingale.
Now define the martingales M and N as

Ny
log N; := b — E[e"* — 1]\t
i=1

and

M
log M, := Z ¢ — Ele? — 1wt .
i=1
The dividend driver is then defined as

t t t
Y, :Y(JJrﬁ/(aXS,+a—Ys,)ds+/zs(1@,)st+/ Yoo d(Ns + M)
0 0 0

with again
Et[Yu] _ efn(uft))/t + (1 - efm(uft)) Xta

as in (7).
In other words, with this model specification all the previous analytics con-
cerning expected dividends still apply.

4 Handling the Forward Curve

The key point about representation (Eq:S) above is that once C' is known, we
can compute S; and, as we will see, associated quantities efficiently. Of course,
if we truly have a projected dividend stream (d;); out to infinity, then C is
given simply by (Def:C). However, in practise, we will usually observe div-
idends only up to some finite future point in time and will have to rely on
projection (i.e. extrapolation) methods beyond that point. A basic requirement
for such any projection is of course that the forward remains positive for all
finite horizons.

The next sections are therefore dedicated to the calculation of C' under var-
ious assumptions on the forward curve, projection and interpolation. We start
with two simple but illustrative examples with parametric forward curves which
show how the analytics play out in a simple set up. We then use these ideas to
address the question of how to construct C efficiently in practical applications.

Logistically, we will in each case comment on the base assumptions, then
construct C, and then show how dividend swaps are priced.

10



4.1 Toy Model I: Constant Proportional Dividend Yield

As a first example, we consider the case where the initial forward curve at time 0
is given using a constant proportional dividend yield 1 and a constant funding
rate u, i.e. Fy = Soelt=mt In this case, the expected cash dividends are via (11)
given as 5 = —%Ft = 171:",5, and therefore §; = nF;. Using (Def:C) yields

(oo}

Cr = Sone“t/t e~ (RS gg — Soe_"tm . (13)
For every positive yield 1 we have C = Sy. By (Eq:F) we have then Sg =
5076'8 = 0, i.e. that the entire spot value of the equity is given by the discounted
value of future dividends. This is too extreme in our view.
To alleviate this, we introduce an additional degree of freedom by applying
the dividend yield only to a fraction ¢ € [0, 1] of the forward, i.e.

Fy=So(q+de™) (G:=1-q)

This way we retain with S§ as some “inner value” of the equity which is not
explained by the present value of future dividend expectations; for most tech-
nology stocks, that inner value seems to be close to 1. The expected dividends
are then 0; = gnF;.

With these assumptions we obtain

Cr = thoe’"tn_’_LK . (14)

Dividend Swaps
The prices of dividend swaps under a constant dividend yield are given as follows:

T+x
Di(T,z) = / E, [Y,]dnF, ds
T

T+x
=m0 (R, ) 4 X7 ds
T

1 _ a1 1 o —asx
= qnF} {(}ft — Xta)efal(Tft)ei + XtaeaQ(Tt)e}
al as

with as = —p+n and a1 = as + k.
We also have

t at
: , 1-
Dy Y= 45on / el g = —— €
0

a

with a := —u + n + &, which confirms the previous calculation via (Eq:DS).

11



4.2 Toy Model II: Constant Cash Yield

Our second example is given by assuming that the implied dividends are given as
a constant cash yield §; = § with again a constant funding rate. The discounted
value of future expected dividends is therefore

~ o0 )
Ctk = (56'“/ e~ (Wth)s g — e=mt _—
t A+ R
Using again the relation Sy = Sg + C{ we see that this is well defined as long
as 0 < §/pu < Sp. This simply means that the stock cannot pay in expectation
a higher cash dividend rate than Syu for eternity. Similar in spirit to the above
discussion, we may therefore not want to specify ¢ directly but instead chose to
define S§ via a fraction ¢ € [0, 1] of the allowed maximum Sy. With § =1 — ¢
the equivalent dividend rate is then given as § = Spug.
The forward in this approach is given as

. i L—e
F, = S, —/ e M5 dt = Sy — Sopd Te =S (¢+ge "), (15)
0

and C* is given as

CF = Spgert—H 16
t oge Lt R ( )

Dividend Swaps

The prices of dividend swaps under a constant dividend rate § are given as
T+zx
5[ Evas
T

TH+x
5/ (e—”<s—f> (Y, — X&) + Xf‘) ds
T

Dt (T, Jf)

1—e "

= 5 {(Yt — X)e T + fo‘} :

We also have

. t 1—e” "t
py (PED) /e_ns& s — 5{ == (k>0)
0 3 =0)

which confirms the previous calculation via (Eq:DS).*

4Dividing by ¢ and with obvious notation we have
() = e (Dfy, —Df) (Yo — X7) + (Diy, — DF) X7

1— —rk(T+z) 1— —rT
< e -= (Vi — X&)+ (T + 2~ T) X7

KR KR

—r(T—t) L—e™"® a o
= e Y (Yt — X{*) + oX}

12



Our presentation [4] contains several illustrations of this toy model.

4.3 Practical Forward Curve Analytics

The previous two examples were toy models which we introduced to make the
reader familiar with the calculus around implied dividend curves in our model.
We now want to focus on practical implementation.

The main tool is C' as defined by (Def:C). In practise, of course, we do
not have dividends from the market predicted out to infinity. Let us assume
we have tradable or otherwise reliable dividend expectations for ex-dividend
dates 0 <ty <--- <ty =T. At T, we have FT =5y — Zjvzl 05, and also

~ Eq:F ~

J R s
Basically, we have one degree of freedom: how much of the forward value at T'
can be attributed to the “inner value” of the equity vs. the value of the remaining
dividends, C% =3 d;.

jii>N
4.3.1 Extrapolation with Zero Dividends

The most trivial choice is obviously to assume there are no further dividends
beyond T, and therefore to set S5 = Fr. All further analytics are straight
forward.

4.3.2 Extrapolation with a Constant Cash Yield

We may alternatively assume that S5 = qFT for a ¢ € [0,1], such that C% = GFr
with ¢ = 1 — ¢. In order to compute C%, we may assume that the implied
dividends beyond T are given by a constant cash yield d., i.e.

oo
Cr = e“T/ St gs — emmeTg,
T

where o is a terminal drift for the asset, e.g. . = pupr. Hence,

o0, = e TGFp . (17)

4.3.3 Extrapolation by Repetition

A practical method of extrapolating dividends is to assume that every year we
do not have an implied market for might reasonably be just like the previous,
known, one.

To that end let K := max{k : txy —t < 1}, i.e. tg41 < -+- < ty represent
the dates for the last full year of available market expectations for dividends.
Let L := N — K and define the dividend dates beyond ¢ as t x4 ¢4ir = txye+1
for{=1,...,Land i =1,..., with expected dividend §x1¢1ir := Ix1¢-

We again fix a terminal equity forward rate pi..

13



Then,

co L
cr = e”‘t§ E e_(“*+“)(tK+’Z+ZL)5K+4
=0 ¢=1

= DR, - DR (1 el )

Here, CY. is constrained by C% < S;.

5 General Representation of Dividend Paying
Stocks

This section extends the structural results on the fundamental representation
of dividend paying stocks of [3] for affine dividends to the stochastic dividend
case. This section is of purely academic interest and self-contained.

THEOREM 5.1 (Generalization of Theorem 2.1 in [3])
Assume a non-negative stock price S = (St): with t € [0,00) has non-negative
random dividends A = (Ay)y and drift p = ()¢

Let R; := exp(fot s ds) and define the discounted stock price process as Sy =
Si/Ry and the discounted dividends as A, = At/Rt].. We also denote A, :=
E[A,] and define S = Sy — fOOOAS ds, which we assume to be strictly positive.®
Then,

1. There exists a non-negative (local) martingale Z such that
~ t,..,
St = SE)th — /As ds (18)
0

2. There exist a non-negative (local) martingale X such that

gt = SgXt +/ Et[AS] ds . (19)

t

3. The two representations are related by

1~
Zt = Xt + T / ]Et[AS] ds . (20)
SO 0

COROLLARY 5.1 (Reverse statement to theorem 5.1) For any non-negative lo-
cal martingale X, the stock price S defined by (19) is valid, i.e. pays dividends A
and is non-negative.

The same statement is not true for Z, i.e. not every non-negative Z defines
via (18) a mon-negative stock price process.

555 must be non-negative by no-arbitrage.

14



Following (18), we easily see in terms of Z the SDE for S has the natural
dynamics R 5

dS, = S5dZy — A dt .
In terms of X, we have the “consistent” dynamics

dS; = SgdX; — Ay dt + / dE[A] ds .

t

COROLLARY 5.2 (Generalization of Proposition 2.1 in [3]) FEquation (19) implies
St Z / ]Et[As] ds .
¢

COROLLARY 5.3 (Cash Dividends) Assume that dividends are cash, i.e. Ay = dy
fized. Then we obtain the result shown in [3] that we can write

Sy = (Ft - Dt)Xt + Dy
where Dy = j;oo(is ds.

Proof of the theorem— the discounted total return process in (18),
~ t..
SSZt = St +/Asd8 s
0

represents the (non-negative) re-invested equity process, and is therefore trad-
able in the mathematical sense. Under no-arbitrage in the sense of “no free
lunch without vanishing risk” as defined in [5], this implies that Z is a (local)
martingale.

Define X as in (20). Then,

t o] o]
SSXt:Sth—/ASdS—/ Et[AS]dt:St—/ Et[AS]dS,
0 t t
which shows (19).
It remains to show that X is non-negative: to this end, assume that (7;);
is an increasing sequence of finite stopping times which localizes Z over [0, c0).
We use a V b := max(a, b).

T;Vt

~ ~ ~ ~ . (18) = « i
0 <E[Srve] = 8 + EofSrve — 5] & 5, — / E[A,]ds = 5:x
t

ie. Xt(i) J X, which implies X; > 0 by monotone convergence. (]

15



6 Summary

We have presented a modelling approach for consistent dividends which provides
us with implied short-term “cash” dividends and long-term “proportional” div-
idends consistently across time, conditional on the state of the market. To
our knowledge, this is the first proposal in this direction at the time this was
presented at Global Derivatives 2012 [4].

Our approach is motivated by the general representation for dividend paying
stocks which we have proved in wide generality with theorem 5.1. This extends
the results in [3] to the general case of stochastic dividends in a local martingale
setting.

When using the mean-variance affine framework presented here, we have
closed forms for spot, conditional forwards and dividend swaps which makes
the model numerically efficient to simulate.

In this note we have not discussed how to calibrate the model. As an in-
dication: we recommend calibrating the dividend volatility and mean-reversion
parameters to historic data, with standard valuation checking to ensure we are
marked well vs. the market. The local volatility parameter for the equity is
then calibrated using a classic bootstrap “Dupire”-like calibration, for example
using the “particle method” presented by Guyon/Labrodere in their seminal
article [7].
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